to describe all finite groups with soluble centralizers of involutions.
Introduction
Since Brauer-Fowler Theorem indicates that there are finitely many simple groups with a given structure of centralizer of an involution, the study of such proper subgroups has been an active research area on the way to the classification of finite simple groups. Starostin raised the following problem: Here one should mention the famous N-group papers of Thompson (see [11, 12, 13, 14, 15, 16] ) where finite simple groups in which normalizers of p-subgroups are soluble, are classified. Clearly, centralizer of an involution is exactly the normalizer of the subgroup generated by that involution. Hence, finite simple groups in Thompson Assume that the subgroup generated by all involutions of P is contained in the center of P . Then G/O 2 ′ (G) has a normal subgroup isomorphic to one of the following groups:
(1) P SL 2 (q) where q = 3, 5 mod 8
The theory of fusion systems which was originated from the work of Burnside and Frobenius, was formulated axiomatically by Puig (for details see [1, 2, 7] ). Let G be a finite group and P be a Sylow p-subgroup of G. The fusion system F P (G) is the category whose objects are subgroups of P and whose morphisms are induced by the conjugation action by elements of G on the subgroups of P . In this paper fusion systems are used as an invariant of the groups with soluble centralizers of involutions having odd order soluble radicals (see Lemma
2.2).
In this paper we investigate a special type of finite groups with soluble centralizers of involutions in which the soluble radical has odd order. We ask the following question: Question 1.3. Let G be a finite group whose all involutions have soluble centralizers and R its soluble radical. If R has odd order and G/R is simple, is the centralizer of a central involution of G necessarily an extension of an odd order group by a 2-group?
We use knowledge about fusion systems to classify the cases when this property holds. Indeed we prove that this result just depend on the structure of G/R. The main result of the paper is the following: (1) C F (x) is nilpotent iff G/R is isomorphic to one of
(2) C F (x) is non-nilpotent iff G/R is isomorphic to one of
Therefore, whenever the centralizer fusion system is nilpotent, the centralizer of the central involution is isomorphic to an odd order group extended by a 2-group.
Preliminaries
In this section we collect definitions and results that will be used in our proofs.
Definition 2.
1. An involution x of a finite simple group G is called a central involution if C G (x) contains a Sylow 2-subgroup of G.
Likewise for groups, there is a notion of centralizer fusion system in general. To avoid technicality, we will define it here for just central involutions, indeed by using [2, Theorem 4.27], for a central involution x ∈ G, the centralizer fusion system C F (x) of x in F = F P (G) can be viewed as the fusion system F P (C G (x)).
We use the following result to see that the 2-fusion system of a finite group with a soluble radical of odd order is isomorphic to the 2-fusion system of the quotient.
The following result characterizes nilpotent fusion systems. Recall that the Sylow p-subgroup P has a normal p-complement in G iff
Let G be a finite group and P be a Sylow p-
Let G be a finite group and x ∈ G be an involution in G. Let P be a Sylow 2-subgroup of G containing x.
Proposition 2.4. Let G be a finite group, P be a Sylow 2-subgroup of G and x be a central involution in
Odd Order Theorem, and P is a 2-group, hence C G (x) is soluble.
Main Results
We first need to give a list of finite simple groups with soluble centralizers of involutions. Proposition 3.1. Let S be a finite non-abelian simple group with soluble centralizer of involutions. Then S is isomorphic to one of the following groups:
(2) P SL 2 (q) where q ≥ 4 is a prime power;
(6) P SU 3 (3);
There are two conjugacy class of involutions, one of which is a product of two transpositions and the other is a product of four transpositions.
It is easy to check that in any case the centralizers are soluble. Since Let G be a simple group of Lie type. Then there is a simple linear algebraic group G of adjoint type over the algebraic closure of F p , a
First assume that p = 2. Then involutions are semisimple elements
tralizer of an involution in G over the algebraic closure of F q involves a simple linear algebraic group whenever 2 ≤ Σm i , namely the highest root. Then the sum of coefficients of the highest root is 2 which means G is of type P SL 2 (q).
Now, assume C G (x) is non-soluble where C G (x) is soluble. This means there is P SL 2 (p), which is soluble, which means p = 3. Hence, the groups are either P SL 2 (q) or P SL 3 (3).
Secondly assume p = 2. Then involutions are unipotent elements.
If rank(G) > 2, take an involution u belonging to the root subgroup x r (t) : t ∈ F 2 for the positive root r. Since rank(G)
, which is clearly non-soluble.
, where the root system of C 2 is generated by r, s with highest root 2r+s. Since 2r+2s and 2r are not roots in the root system C 2 , by Chevalley Commutator Formula, the highest root commutes with Consider the case when G is one of the sporadic simple groups. One can observe that M 11 has a semidihedral Sylow 2-subgroup P of order 16 and Z(P ) has order 2. Moreover, any involution in P has soluble centralizer, so M 11 is the only sporadic group belonging to our list. By [5, Main Theorem] , the list is complete.
Theorem 3.2. Let G be a finite group with soluble centralizers of involutions. Suppose the soluble radical R of G has odd order. Then
where S is the unique minimal normal subgroup of G/R.
Proof. Let G be a finite group with soluble centralizers of involutions and a soluble radical R of odd order. Then C G/R (xR) = C G (x)R/R for any involution x ∈ G, hence G/R is a finite group with soluble centralizers of involutions and trivial soluble radical. Take a minimal normal subgroup M of G/R. Being a non-soluble minimal normal subgroup, M ∼ = Σ t i=1 S where S is a fixed finite non-abelian simple group. Since any involution in S × {1} × . . . × {1} ≤ M has soluble centralizers of involutions, one has t = 1. Therefore, G/R has a minimal normal subgroup isomorphic to S where S is a finite simple group with soluble centralizers of involutions, namely one of the groups listed in Proposition 3.1. Now, assume that N is another minimal normal subgroup of G/R.
Since S ∩ N must be trivial, N ≤ C G (S) ≤ C G (x) for any involution x ∈ S. Hence, N must be soluble. But G/R has no soluble normal subgroups, hence S is the unique minimal normal subgroup of G/R.
In particular, C G (S) is a normal subgroup of G which commute elementwise by S, so C G (S) has odd order, that is C G (S) = 1. Now, G/C G/R (S) ∼ = G/R embeds naturally in AutS, while S embeds in the former trivially.
For fusion systems, we will concentrate on the groups G where G/R ∼ = S. Recall that a fusion system F defined on a p-group P is called nilpotent if F = F P (P ).
First, we need to show that for any central involution x in P SL 2 (q), the centralizer fusion system C F (x) is nilpotent. is not an involution, then y ∈ H = r , which is normal in D 2n . But since H is cyclic, any subgroup is characteristic in H, hence normal in
. Therefore, any subgroup of odd order is normal in D 2n .
Lemma 3.4. Let G ∼ = P SL 2 (q) where q = p n , let P be a Sylow 2-subgroup of G, F = F P (G) and x is a central involution in P . Then
Proof. Since x was assumed to be a central involution, by definition, C F (x) = F P (C G (x)).
First assume that q is even. In this case, a Sylow 2-subgroup P of G is an elementary abelian 2-group conjugate to unitriangular subgroup of P SL 2 (q) and C G (x) = P for any x ∈ P . Hence, C F (x) = F P (P ), hence it is nilpotent. Now assume that q is odd. Then P consists of semisimple elements.
Take the central involution x ∈ P . Since x is semisimple, it is contained in a maximal torus T of G, which has order either
. Moreover,
respectively. In any case, by Proposition 3.3, Hall 2
is normal. By Theorem 2.3, F P (C G (x)) = F P (P ) iff for any C G (x) has a normal 2-complement. Hence, F P (C G (x)) is nilpotent.
Theorem 3.5. Let G be a simple group of Lie type over a finite field of characteristic 2. Let P be a Sylow 2-subgroup of G, F = F P (G) and x ∈ Z(P ) be a central involution. Then C F (x) is nilpotent iff
and not nilpotent in P SL 3 (2 n ) and P SU 3 (2 n ).
Proof. Assume that C F (x) is nilpotent, that is, equal to F P (P ). Then it is also a soluble fusion system by [2, Corollary 5.96].
Then, C G (x) must be soluble, since P has a normal 2-complement in C G (x) by [2, Theorem 1.12]. Then G must be isomorphic to
has an abelian Sylow 2-subgroup P with C G (x) = P where x is a central involution. Hence the centralizer fusion system is nilpotent. Now, assume that G ∼ = P SL 3 (2 n ). The centralizer of the central involution x contains the Sylow 2-subgroup as a normal subgroup. Assume the 2 ′ -subgroup of C G (x) is also normal. Then C G (x) becomes a direct product of a 2-group and a group of odd order. But
a, e ∈ F 2 n }, hence the centralizer fusion system of the central involution is not nilpotent.
and x is a central involution in P . Then C F (x) is not nilpotent. Indeed, let q = 2 n . By [8, p.528] , one can choose the hermitian form given by
Observe that the order of Z(SU 3 (q 2 )) divides 3. Denote G = P SU 3 (q 2 ). By We need to show that C G (x) does not have a normal 2-complement.
Observe that |C G (x)| = q 3 (q + 1) and
is a subgroup of C G (x) of order q + 1. Since Q is a complement of the Sylow 2-subgroup P of C G (x) (which is itself normal), if one shows that Q is not normal, then C G (x) does not have a normal 2-complement and by [2, Theorem 1.12], C F (x) is not nilpotent.
Assume that Q C G (x). Since P C G (x), elements of Q must commute with elements of P , indeed,
Therefore, C F (x) is not nilpotent for P SU 3 (2 n ). Finally, we need to check 2 B 2 (2 2m+1 ). Observe that for any central involution x, one has C G (x) = P where P is the Sylow 2-subgroup containing x. Hence the centralizer fusion system is nilpotent.
Theorem 3.6. Let G be a finite group with soluble centralizers of involutions, P be a Sylow 2-subgroup of G and F = F P (G) and x be a central involution of G. Assume that the soluble radical R of G has odd order and G/R is simple. Then C F (x) is a nilpotent fusion system
Moreover since C P (x) = P , < x > is fully centralized, so from [2, Theorem 4.27] we get
Thus, it is enough to calculate the centralizers of central involutions for the finite simple groups S such that G/R ∼ = S (here we should mention that S is one of the finite simple groups listed in Proposition 3.1).
If S = A 5 , any involution in S is a product of two transpositions and P is isomorphic to Klein 4-group. Let x be one of the involutions in P . Since C S (x) = P , we have C F (x) = F P (P ).
If S = A 6 , then for any involution in S, there exists a Sylow 2-subgroup of S whose center contains this involution. Indeed, for any involution x = (ab)(cd) and for y = (acbd)(ef ) where {e, f } ∈ {1, 2, 3, 4, 5, 6}\{a, b, c, d} one has P =< y, z | y
Here, P is a Sylow 2-subgroup of S, so x is a central involution. Observe that
this we get |C A 6 (x)| = 8. Hence C F (x) = F P (P ).
If S = A 7 , likewise A 5 and A 6 any involution is a product of two transpositions. Since C S 7 (x) ∼ = (C 2 ≀C 2 )×S 3 and C A 7 (x) = C S 7 (x)∩A 7 , we get C S (x) ∼ = P × A 3 where P is a Sylow 2-subgroup of S isomorphic to D 8 . Hence C F (x) = F P (P × A 3 ) = F P (P ).
Let S = A 8 ∼ = GL 4 (2) and P is a Sylow 2-subgroup of S. In this case, any central involution in S is a product of four transpositions.
If x is one of these involutions, C S 8 (x) ∼ = C 2 ≀ S 4 , and similar to the arguments above C A 8 (x) ∼ = C is not normal. That means, C F (x) is not nilpotent. By Theorem 3.5, when the simple group is defined over a field of characteristic 2, the centralizer fusion system C F (x) of the central involution is nilpotent iff G ∼ = SL 2 (2 n ), 2 B 2 (2 2m+1 ) or P SL(3, 2) and not nilpotent in P SL 3 (2 n ) and P SU 3 (2 n ).
This completes the proof of the main theorem.
